As a generalization of the modular isomorphism problem we study the behavior of defect groups under Morita equivalence of blocks of finite groups over algebraically closed fields of positive characteristic. We prove that the Morita equivalence class of a block B of defect at most 3 determines the defect groups of B up to isomorphism. In characteristic 0 we prove similar results for metacyclic defect groups and 2-blocks of defect 4. In the second part of the paper we investigate the situation for p-solvable groups G. Among other results we show that the group algebra of G itself determines if G has abelian Sylow p-subgroups.
Introduction
The longstanding modular isomorphism problem asks if finite p-groups G and H are isomorphic whenever their group algebras F p G and F p H over the field of p elements are isomorphic. In the study of the global/local conjectures in representation theory we do not often encounter isomorphism of algebras, but a much weaker situation: Morita equivalences of categories of blocks. And yet we do not know the answer to the following fundamental question: If G and H are p-groups such that F p G ∼ = F p H, then
where B 0 denotes the principal block. Since isomorphic blocks are certainly Morita equivalent, Question 1.1 is actually an extension of the modular isomorphism problem.
This paper started as a systematic search for a counterexample to Question 1.1 which, somewhat surprisingly, does not appear to have been done before. Instead of a counterexample, we have been
• It is determined if D is dihedral, semidihedral or quaternion via the representation type (here p = 2).
• If D is known to be abelian (or even hamiltonian), then the isomorphism type of D is determined (see Bessenrodt [3, Theorems 2.1 and 7.4]).
• The isomorphism type of the center Z(B) of B. In particular, the number k(B) of ordinary irreducible characters in B is determined via k(B) = dim F Z(B).
If B is nilpotent, then by Puig's theorem, B is Morita equivalent to F D (see [28, Theorem 1.30] ). Since F D is a basic algebra, B even determines the isomorphism type of F D. So we are down to the modular isomorphism problem.
Dade has constructed non-isomorphic finite groups G and H such that F G ∼ = F H (see [24, Theorem 14.2.2] ). Both groups have the form D ⋊ K for some p ′ -group K (they differ only by the action of K on D). This shows that the fusion system of a block is in general not determined by the Morita equivalence class.
If we work over a complete discrete valuation ring O with O/J(O) ∼ = F instead, then also the decomposition matrix Q of B is given by the Morita equivalence class. The heights of the ordinary irreducible characters can be extracted from Q by Brauer's theory of contributions (see [28, Proposition 1.36] ). Brauer's (still open) height zero conjecture would imply that D is abelian if and only if all characters have height 0. By work of Kessar-Malle, D is non-abelian whenever there are characters of positive height (see [28, Theorem 7.14] ). Over the valuation ring, Puig [25, Theorem 8.2] showed that B is nilpotent if and only if B and OD are Morita equivalent. If so, then the isomorphism type of D is uniquely determined by Roggenkamp-Scott [27] . A refined version of the block modular isomorphism problem over valuation rings has been introduced by Scott [31] .
The paper is organized as follows: In the next section we prove some general results and give an affirmative answer to Question 1.1 for blocks of defect at most 3 and 2-blocks of defect 4. Moreover, we provide a solution for metacyclic defect groups. In Section 3 we restrict ourselves to p-solvable groups G. Here we show first that principal blocks uniquely determine a group algebra up to isomorphism.
Next we prove in Theorem 3.4 that the group algebra F G determines if G has abelian Sylow psubgroups. This appears to be an open problem for arbitrary finite groups G. As applications we solve Question 1.1 for 2-blocks of defect 5 and 3-blocks of defect 4 (of p-solvable groups).
Blocks of defect 3 and metacyclic defect groups
Our notation is fairly standard. The Jacobson radical of a module M (or a ring) is denoted by J(M ) and the Loewy length is LL(M ). The symbols C m n , D 2n , Q 2 n , SD 2 n , S n , A n and p
1+2 +
represent the abelian group of type (n, . . . , n) (m times), the dihedral group of order 2n, the quaternion group of order 2 n , the semidihedral group of order 2 n , the symmetric group of degree n, the alternating group of degree n, and the extraspecial group of order p 3 and exponent p.
In the following we are mostly interested in the situation over F , but work over O from time to time to make things easier. Our first result generalizes the main result of [2] . 
with d ≥ 4. In both cases B is nilpotent (see [28, Theorem 8.1] ) and the defect groups can be distinguished, since one is abelian and the other is not. Now we assume that B has tame representation type, i. e. D is dihedral (including the Klein four-group), semidihedral or quaternion. Since quaternion groups have rank 1, it suffices to consider dihedral groups and semidihedral groups (here d ≥ 4). If l(B) = 1, then B is nilpotent and D is determined by [2, Theorem 1] for instance. By comparing k(B), we may assume that l(B) = 2. By Erdmann [11] , it is known that in the dihedral case the hearts of the projective indecomposable modules are always uniserial or decomposable. In the semidihedral case the contrary happens. Now let p > 2. We need to distinguish the defect groups
Then by a theorem of Watanabe, l(B) divides p − 1 and
(see [28, Theorems 1.33 and 8.13] ). Let A be a block with defect group
. We may assume that the inertial quotient E of A stabilizes x and y . In order to compute k(A) we count subsections for A (see [28, z ∈ x, y \ ( x ∪ y ). Here, a z has inertial index 1 for all z and it follows that l(a z ) = 1. Now Brauer's formula implies
is a concave function in l(A) which assumes its minimum on l(A) = 1 or l(A) = p − 1. An easy computation yields k(A) > k(B). Hence, A and B are not Morita equivalent. 
satisfies the following properties:
(a) if exactly one of g and h is p-regular, then µ(g, h) = 0;
Let Z(G) = z and H = A 4 ⋊ h . We need the following columns of the character tables of G and H (here i = √ −1):
By [7, Theorem 4.11] , I preserves the heights of the characters. In particular, {χ 1 , χ 2 } maps to
we obtain that I({λ 1 , λ 3 }) ∈ {{ λ 1 , λ 2 }, { λ 3 , λ 4 }}. This yields the final contradiction 
. It remains to deal with the last two groups. In [ [19, proof of Proposition 13] , this relies on the computation of generalized decomposition numbers up to basic sets). By Lemma 2.3, these groups are not perfectly isometric. Since Morita equivalence over O implies derived equivalence and derived equivalence implies the existence of a perfect isometry, the two defect groups can be distinguished.
19, proof of Proposition 13] we have computed the Loewy length LL(Z(B)) of Z(B). It turns out that LL(Z(B)) = 4 if and only if
For the last argument in the proof above we need to work over O, since it can be shown that the centers of
In fact there is an isomorphism preserving the Reynolds ideal (an invariant under perfect isometries, see [6, Proposition 6.8] ). On the other hand,
It has been asked in [6, Question 6.7] whether perfect isometries also preserve Külshammer ideals. In general this is not the case as can be seen already from OD 8 and OQ 8 . We like to mention further that there are also non-solvable groups like S 5 × C 2 and A 5 ⋊ C 4 having blocks with the same properties. These blocks are not Morita equivalent to those of S 4 × C 2 and A 4 ⋊ C 4 .
Over O we are able to prove a blockwise version of [30] which generalizes Proposition 2.1. Proof. Since we are working over O, we may assume that B is not nilpotent (see introduction). We may also assume that D is non-abelian, because the height zero conjecture is known to hold for metacyclic defect groups (see [28, Corollary 8.11] 
where 0 < l < m and
Moreover, [28 
In this way we obtain l.
For later use, we collect some invariants of group algebras.
Proposition 2.6. The isomorphism type of F G determines the following:
(vi) The number of conjugacy classes in {g p i : g ∈ G} for every i ≥ 0;
(vii) The number of conjugacy classes of maximal elementary abelian p-subgroups of G of given rank.
Proof. Let σ : F G → F H be an isomorphism of F -algebras and let ν : F H → F be the augmentation map where H is another finite group. Since every g ∈ G is a unit in F G, we have ν(σ(g)) = 0. Hence, the F -linear map σ :
Thus, after replacing σ by σ we may assume that ν(σ(g)) = 1 for g ∈ G.
Let g ∈ G be a p-regular element, and let ϕ :
On the other hand, the elements x − 1 generate the kernel of the natural epimorphism
as an ideal. This shows that the map Φ :
Now let g = [x, y] ∈ G be a commutator, and let ϕ : The number of conjugacy classes in {g p i : g ∈ G} coincides with the dimension of i-th Külshammer ideal (see [18, (38)] ). This settles (vi). Finally, part (vii) follows from work of Quillen [26] .
As mentioned in the introduction,
It is an open question whether F G also determines the normality of Sylow q-subgroups where q = p (cf. [23, Question 12] ).
Our next result extends a known fact for p-group algebras to certain block algebras. Proof. By a result of Külshammer, we may assume that D is a Sylow p-subgroup of G (see [28, Theorem 1.19] ). By the Schur-Zassenhaus Theorem, we get G = D ⋊ Q where Q is a p ′ -group. Then the irreducible Brauer characters of B can be identified with irreducible characters of Q. In particular, the degree vector v := (ϕ(1) : ϕ ∈ IBr(B)) consists of p ′ -numbers. It follows from [22, Corollary 10.14] that v is an eigenvector of the Cartan matrix C of B (corresponding to the eigenvalue |D|). Since C is non-negative and indecomposable, the Perron-Frobenius theory shows that C has only one positive eigenvector up to scalar multiplication (see [20, Theorem 1.4.4] ). This implies the first claim. The Morita equivalence determines the decomposition of the radical layers J(B) i /J(B) i+1 into simple modules. Hence, by the first part of the proof, we know the dimensions of J(B) i /J(B) i+1 up to a common scalar. Let e ∈ Z(F G) be the block idempotent of B. Then e ∈ Z(F Q). It is well-known that 
Blocks of p-solvable groups
In the following we restrict ourselves to p-solvable groups G. Then the structure of G can be vastly reduced. The following proposition is certainly well-known, but we were unable to find a reference where the condition O p ′ (G) ≤ G ′ is proved. Therefore, we provide a proof for the convenience of the reader.
Proposition 3.1. Every p-block B of a p-solvable group is Morita equivalent to a faithful block of a p-solvable group G such that the following holds:
(i) the defect groups of B are isomorphic to the Sylow p-subgroups of G;
Proof. By Külshammer [17] , B is Morita equivalent to a twisted group algebra F γ L where L is a p-solvable group such that
• the defect groups of B are isomorphic to the Sylow p-subgroups of L;
• O p ′ (L) = 1.
If γ = 1, then the claim follows with G = L. Thus, we may assume that γ = 1. It is well-known that
Choose preimages x ∈ L for x ∈ L such that 1 = 1. By Maschke's Theorem, F W = χ∈Irr(W ) F e χ for pairwise orthogonal idempotents e χ . Since W ≤ Z( L), we have e χ ∈ Z(F L) and
2 (L, W ) be the cocycle defined by x y = α(x, y) xy for x, y ∈ L. Then xe χ · ye χ = xyα(x, y)e χ . Every element w ∈ W can be written in the form w = χ∈Irr(W ) χ(w)e χ . In particular, α(x, y)e χ = χ(α(x, y))e χ . It follows that x∈L F xe χ is isomorphic to the twisted group algebra F Γ(χ) L where
We show that Γ is surjective. Since |Irr(
Hence, χ is a homomorphism and L/ Ker( χ) ≤ F × is abelian. Consequently, W ≤ L ′ ≤ Ker( χ) and χ = 1.
Therefore, we have shown that Γ is surjective and F γ L is isomorphic to a direct summand B 1 of F L (as an ideal). Since, Let B be a block of a group G as in Proposition 3.1.
and the Hall-Higman Lemma implies that C G (P ) = Z(P ) × Z. It follows that G/P Z ≤ Out(P ) and |G/Z| is bounded in terms of |P | and therefore in terms of the defect of B. As a p-solvable group, G has a p-complement K ≤ G. Then
by [16, Corollary 2.1.11]. Hence, |G| is bounded in terms of the defect of B.
There are two important special cases of Proposition 3.1 which arise frequently:
• B has a normal defect group, i. e. P := O p (G) ∈ Syl p (G). This happens for example whenever B is a controlled block (for instance if the defect groups are abelian). We will apply Proposition 2.7 in this situation.
• B is the principal block, i. e. Z = 1 and B = F G. We will show in Proposition 3.2 that the Morita equivalence class of B determines F G up to isomorphism. Here we are in a position to use Proposition 2.6.
Külshammer's paper [17] provides not just any Morita equivalence, but an algebra isomorphism from B to a matrix algebra over a twisted group algebra. This indicates our next result. 
.4]).
Consequently, the Morita equivalence class of B determines v up to a scalar. Since we also know the p-parts ϕ(1) p from the heights up to a scalar, the first claim follows.
For the second claim suppose that A and B are Morita equivalent principal blocks of p-solvable groups. Since A and B contain the 1-dimensional trivial module, the dimensions of all simple A-modules and B-modules coincide by the first part of the proof. We denote these dimensions by d = (d 1 , . . . , d n ). Let P 1 , . . . , P n be a set of representatives for the projective indecomposable B-modules up to isomorphism.
n is isomorphic to the regular B-module. The Morita equivalence between A and B induces an isomorphism between A and the endomorphism algebra End B (P s 1 1 ⊕ . . . ⊕ P sn n ) for some s 1 , . . . , s n ≥ 1. Let C be the Cartan matrix of A and B. Then the dimensions of the projective indecomposable modules of A are given by Cd, but also by Cs with s = (s 1 , . . . , s n ). Since C is invertible, it follows that d = s and
In general, the dimensions of the simple modules of Morita equivalent blocks are not proportional. For example, by Scopes reduction, the principal 5-blocks of S 5 and S 6 are Morita equivalent, but the dimensions are 1, 1, 3, 3 and 1, 1, 8, 8 . Lemma 3.3. Let G = P ⋊Q where P is a p-group and Q is a p ′ -group acting faithfully on P . Then the isomorphism type of F G determines the fixed point algebras F P Q and F Z(P ) Q up to isomorphism.
Proof. If F G is isomorphic to another group algebra F H, then we have seen in the proof of Proposition 2.6 that there is an isomorphism preserving the augmentation. Let e := 1 |Q| a∈Q a ∈ F G. Then e is an idempotent and dim F Ge = F P e = |P |. In particular, e is primitive. Moreover, e is the only primitive idempotent with augmentation 1 up to conjugation. Consequently, F G determines the algebra eF Ge = eF P e (this is the endomorphism ring of the trivial projective indecomposable module). For x ∈ P we have
. . , x n ∈ P be a set of representatives for the Q-orbits on P . Then the elements e x 1 , . . . , e x n form a basis of eF P e. In particular, dim eF P e = n = dim F P Q . Since ey = ye for y ∈ F P Q , it follows that the map F P Q → eF P e, y → ey is an isomorphism of F -algebras. Now let K(F G) be the F -subspace of F G spanned by the commutators xy − yx for x, y ∈ F G. Obviously, F G determines K(F G) and K(F G) is already spanned by the elements gh − hg = gh − h(gh)h −1 for g, h ∈ G. This shows that
g∈C α g = 0 for every conjugacy class C of G (see [18, (2)]). Recall that the center Z(F G) is generated by the class sums of G (as an F -space). Hence, Z(F G) ∩ K(F G) is generated by the class sums whose size is divisible by p. Since Q acts faithfully, these are precisely the class sums not lying in F Z(P ). Hence, the Brauer homomorphism with respect to P yields an isomorphism
In the situation of Lemma 3.3 the elementary divisors of the Cartan matrix of F G are given by
where x 1 , . . . , x n ∈ Q represent the conjugacy classes of Q. These numbers contain further information on the action of Q on P . However, the action of Q on P is not uniquely determined by F G as can be seen by Dade's example mentioned in the introduction.
According to [4, p. 14] it is an open question whether the group algebra F G determines the commutativity of the Sylow p-subgroups of G. We give an affirmative answer for p-solvable groups. Proof. Using an augmentation preserving isomorphism as in Lemma 3.3, we see that F G determines the principal block B of G up to isomorphism. It is well-known that B is isomorphic to the principal
has only one block and we may assume that O p ′ (G) = 1 (see [22, Theorem 10.20] ). Then N := O p (G) is self-centralizing in G by Hall-Higman. By Proposition 2.6, F G determines if N = P . If N < P , then P is non-abelian. Thus, we may assume that P = N G. By Schur-Zassenhaus, G = P ⋊ Q where Q is a p ′ -group acting faithfully on P . Now from Lemma 3.3 we obtain F P Q and F Z(P ) Q . Clearly, P is abelian if and only if dim F P Q = dim F Z(P ) Q . The last assertion follows from Bessenrodt [3, Theorem 2.1] as mentioned earlier.
In general F G does not determine the commutativity of Sylow q-subgroups for q = p. For example the solvable groups G = SmallGroup(1152, 154124) and H = SmallGroup(1152, 154154) have the same multiset of irreducible character degrees, but G has a non-abelian Sylow 2-subgroup while H has an abelian Sylow 2-subgroup. Hence, for p ≥ 5 (or F = C) the group algebras F G and F H are isomorphic. This answers a question of the first author raised in [21] . [28, Theorem 7.18] ).
Note that a block neither "knows" if its defect group is normal nor if it is the principal block. For example the principal 2-block of F S 3 is isomorphic to a non-principal 2-block of F C 6 .
The following lemma is already known for F 2 . However, we are not aware of a proof over an algebraically closed field.
Lemma 3.7. Let G be a group of order 32. Then the isomorphism type of F G determines G up to isomorphism.
Proof. In addition to the invariants listed in Propositions 2.6 and 2.7, also the isomorphism types of Z(G) and G/G ′ are determined by F G (see [24, Lemma 14.2.7] ). After comparing these invariants we are left with three pairs of groups: (10, 14) , (30, 31) and (32, 35) where the numbers represent the indices in the small group library. To distinguish these groups we can consider the cohomology rings
which are given in [8, Appendix] . It can be seen that the minimal number of generators of these rings are different for every pair of groups above. Proof. We assume that G is given as in Proposition 3.1. Let D be a defect group of B. By Proposition 2.1, we may assume that D has exponent 4 or 8. Let P := O 2 (G), and let K ≤ G be a 2-complement. Then K/Z acts faithfully on P/Φ(P ). Since P/Φ(P ) is elementary abelian of rank at most 4, we deduce that K/Z ∈ {1, C 3 , C 5 , C 7 , C 2 3 , C 15 , C 7 ⋊ C 3 }. Assume first that |K/Z| = 9. Then K/Z has trivial Schur multiplier and Z = 1. This gives B = F G and l(B) = l(G/P ). In particular, l(B) = 1 if and only if B = F D. If, on the other hand, |K/Z| = 9, then the Schur multiplier is C 3 . If Z ∼ = C 3 , then K is non-abelian and B is one of the two non-principal blocks of G. Now we run through all possible groups G of order 32a where a ∈ {1, 3, 5, 7, 9, 15, 21, 27} with GAP [12] and compute the invariants exponent, rank, k(B) and Cartan matrix. It turns out that Z = 1 only if l(B) = 1. These cases can be distinguished from the nilpotent blocks (and among each other) by comparing k(B). It remains to handle the case Z = 1. By Lemma 3.7, we may assume that K = 1. It turns out that the only difficult groups all have |K| = 3. Here the defect groups can be distinguished by using Propositions 2.6 and 2.7. Proof. We assume that G is given as in Proposition 3.1 (the result holds over O too). Since G is not necessarily in the small group library, we need a more careful analysis than in Proposition 3.8. Let D be a defect group of B. As usual, we may assume that exp(D) ≤ 9 by Proposition 2.1. There are only two groups of order 81 and exponent 3, namely C 4 3 and 3 1+2 + × C 3 . Since they differ by their rank, we may assume that exp(D) = 9. Since the height zero conjecture holds for p-solvable groups, we may assume further that D is non-abelian. There are eight such groups, five of them have rank 2 and the remaining three have rank 3. In Table 1 we refer to the id in the small groups library. As mentioned in the introduction, we may assume that B is non-nilpotent. Since O 3 (G) is radical, it is easy to see that O 3 (G) ∈ {C 3 3 , 3 1+2 + , D}. By comparing the subgroups of GL (3, 3) and Aut(D) we obtain the possibilities for G/F(G) where F(G) denotes the Fitting subgroup of G. In all cases G/F(G) has elementary abelian Schur multiplier. It follows that |Z| ≤ 2, since Z is cyclic. If |Z| = 2, then B is the unique non-principal block of G. Hence, l(B) = l(G/F(G)) if Z = 1 and l(B) = l(G/O 3 (G)) − l(G/F(G)) if |Z| = 2 (here G/O 3 (G) is a double cover of G/F(G)). These results are summarized in Table 1 . In the last column there are sometimes several possibilities according to the chosen double cover of G/F(G) (all listed possibilities actually occur). If l(B) = 10, then D is uniquely determined. Putting this case aside, the only large groups not contained in the small group library correspond to line 11 in Table 1 . These groups are double covers of SmallGroup(1296, 3490) and can be constructed in GAP. For any finite group H and i ≥ 0 let K i (H) be the number of H-conjugacy classes in {h 3 i : h ∈ H}. Then the dimension of the i-th Külshammer ideal of B is given by K i (G) if Z = 1 and K i (G) − K i (G/Z) if |Z| = 2 (these numbers are invariant under Morita equivalence by [14, Corollary 5.3] ). Now using Proposition 2.7 and Proposition 2.6 we can distinguish the defect groups up to three remaining pairs: (648, 75) ↔ (648, 82), (648, 531) ↔ (648, 532), (1296, 2889) ↔ (1296, 2890) (small group ids). For all pairs the Sylow ids are 8 and 9. For the first pair we have non-principal blocks with normal defect group and only one simple module. For the last two pairs we have principal blocks with non-normal defect groups. To handle these cases we construct the basic algebra of B over a finite splitting field in MAGMA [5] . Then we can compare minimal projective resolutions for instance. The decomposition of the projective modules in such resolutions do not depend on the size of the field. In this way we complete the proof.
